A concise study of ternary and cubic algebras with Z3 grading is presented. We discuss some underlying ideas leading to the conclusion that the discrete symmetry group of permutations of three objects, S3, and its abelian subgroup Z3 may play an important role in quantum physics. We show then how most of important algebras with Z2 grading can be generalized with ternary composition laws combined with a Z3 grading.
Introduction
More than fifty years ago Bogdan Mielnik has published several fundamental papers devoted to the analysis of physical and mathematical bases of quantum mechanics. The titles of these articles speak for themselves: the first two were named "Geometry of quantum states" ( [1] ) and "Theory of Filters" [2] , and the third one was "Generalized Quantum Mechanics" [3] .
In these articles, remarkable for the depth and clarity of developed argumentation as well as for their mathematical rigor, Bogdan Mielnik followed Bohr's interpretation of quantum mechanics rather than Einstein's point of view. Both approaches displayed in their famous discussions [4] [5] [6] . The essence of Bohr's approach was that neither a quantum object nor the classical object serving as measuring device can be totally separated from each other; any measurement describes the interaction between the quantum object and the observer. Einstein, on the other hand, in his opposition to Bohr, advocated a more classical idea of reality of quantum object independent of observer. In order to refute Bohr's arguments, Einstein (together with his collaborators, Boris Podolsky and Nathan Rosen) proposed an ideal experiment that would lead to a paradox if Bohr's interpretation of quantum mechanics were right. The paradox consisted in the possibility of a measurement performed on an atomic system to determine the issue of another works is to apply Dirac's formalism in which wave functions of particles in given state are obtained as products between the "bra" and "ket" vectors.
The wave function of a two-particle state of which one is in the state | 1 > and another in the state | 2 > (all other observables supposed to be the same for both states) is represented by a superposition
It is clear that if the wave function Φ(1, 2) is anti-symmetric, i.e. if it satisfies Φ(1, 2) = −Φ(2, 1), then Φ(1, 1) = 0 and such states have vanishing both their wave function and probability. It is easy to prove using the superposition principle, that this condition is not only sufficient, but also necessary. After second quantization, when the states are obtained with creation and annihilation operators acting on the vacuum, the anti-symmetry is encoded in the anti-commutation relations
The bottom line is that the Hilbert space of fermionic states is always divided in two sectors corresponding to the anti-commutation of creation of dichotomic spin state, admitting only two values which are labeled + . The anti-commuting character of their operator algebra of observables is represented by the antisymmetric tensor αβ = − βα , α,β = 1, 2. The exclusion principle being universal, it is natural to require that it should be independent of the choice of a basis in the Hilbert space of states. Therefore, if the states undergo a linear transformation
the anti-symmetric form encoding the exclusion principle should remain the same as before:
This invariance condition, akin to the invariance of the metric tensor η μν of the Minkowskian spacetime, defines the invariance group. It is easy to see that in this case the effect of (4) leads to the definition of the SL(2, C) group. It is enough to check one of the four equations (4), e.g. choosing α = 1, β = 2. We get then
The other three choices of index values in (4) are either redundant, or trivial, i.e. leading to the identity 0 = 0. The conjugate matrices span an inequivalent representation of the SL(2, C) group, labeled by dotted indeces; the antisymmetric 2-form αβ leads to the same result when its invariance is required:
Spinors transforming with the SL(2, C) group do not represent observable physical quantities; measurable quantities are formed by their quadratic and hermitian combinations, like e.g. a four-vector ψ † γ μ ψ, transforming under the vector representation of the Lorentz group. This can suggest that the very origin of the Lorentz transformations resides in the discrete properties of elementary particles, and not vice versa; more precisely, SL(2, C) appears as the invariance group of the non-trivial action of the Z 2 -group. The mysterious properties of quarks, observable only by packs of three, or by quark-antiquark pairs, call for a non-trivial application of the Z 3 -group, or even the entire S 3 group. Mathematical constructions acknowledging these properties via introduction of Z 3 -graded algebras have been proposed in [19] [20] [21] and developed further in [23, 24] . A third-order generalization of Dirac equation was proposed, with waves that could propagate only as tensor products of three elementary solutions with complex wave vectors each.
In what follows, we shall present a Z 3 -graded analogue of Heisenberg's algebra and corresponding generalization of quantum oscillator. 2. Cubic and ternary Z 3 graded algebras Our goal being a ternary generalization of Heisenberg's algebra, let us start with recalling basic facts about ternary algebras [17, 18] The usual definition of an algebra involves a linear space A (over real or complex numbers) endowed with a binary constitutive relations
In a finite dimensional case, dim A = N, in a chosen basis e 1 , e 2 , ..., e N , the constitutive relations (6) can be encoded in structure constants f k ij as follows:
With the help of these structure constants all essential properties of a given algebra can be expressed, e.g. they will define a Lie algebra if they are antisymmetric and satisfy the Jacobi identity:
whereas an abelian algebra will have its structure constants symmetric, f k ij = f k ji . Usually, when we speak of algebras, we mean binary algebras, understanding that they are defined via quadratic constitutive relations (7). On such algebras the notion of Z 2 − grading can be naturally introduced. An algebra A is called a Z 2 − graded algebra if it is a direct sum of two parts, with symmetric (abelian) and anti-symmetric product respectively,
with grade of an element being 0 if it belongs to A 0 , and 1 if it belongs to A 1 . Under the multiplication in a Z 2 -graded algebra the grades add up reproducing the composition law of the Z 2 permutation group: if the grade of an element A is a, and that of the element B is b, then the grade of their product will be a + b modulo 2:
It is worthwhile to notice at this point that the above relationship can be written in an alternative form, with all the expressions on the left hand side as follows:
The equivalence between these two alternative definitions of commutation (anticommutation) relations inside a Z 2 -graded algebra is no more possible if by analogy we want to impose cubic relations on algebras with Z 3 -symmetry properties, in which the non-trivial cubic root of unity, j = e 2πi 3 plays the role similar to that of −1 in the binary relations displaying a Z 2 -symmetry. The Z 3 cyclic group is an abelian subgroup of the S 3 symmetry group of permutations of three objects. The S 3 groups contains six elements, including the group unity e (the identity permutation, leaving all objects in place: (abc) → (abc)), the two cyclic permutations (abc) → (bca) and (abc) → (cab), and three odd permutations,
There was a unique definition of commutative binary algebras given in two equivalent forms, In the case of cubic algebras [18] we have the following four generalizations of the notion of commutative algebras: a) Generalizing the first form of the commutativity relation (12) , which amounts to replacing the −1 generator of Z 2 by j-generator of Z 3 and binary products by products of three elements, we get S :
where j = e can be used in place of the former one; this will define the conjugate algebraS, satisfying the following cubic constitutive relations:
Clearly enough, both algebras are infinitely-dimensional and have the same structure. Each of them is a possible generalization of infinitely-dimensional algebra of usual commuting variables with a finite number of generators. In the usual Z 2 -graded case such algebras are just polynomials in variables x 1 , x 2 , ...x N ; the algebras S andS defined above are also spanned by polynomials, but with different symmetry properties, and as a consequence, with different dimensions corresponding to a given power.
c) Then we can impose the following "weak" commutation, valid only for cyclic permutations of factors:
d) Finally, we can impose the following "strong" commutation, valid for arbitrary (even or odd) permutations of three factors:
The four different associative algebras with cubic commutation relations can be represented in the following diagram, in which all arrows correspond to surjective homomorphisms. The commuting generators can be given the common grade 0.
SS S
Let us turn now to the Z 3 generalization of anti-commuting generators, which in the usual homogeneous case with Z 2 -grading define Grassmann algebras. Here, too, we have four different choices:
a) The "strong" cubic anti-commutation,
i.e., the sum of all permutations of three factors, even and odd ones, must vanish.
b) The somewhat weaker "cyclic" anti-commutation relation,
i.e., the sum of cyclic permutations of three elements must vanish. The same independent relation for the odd combination θ C θ B θ A holds separately. c) The j-skew-symmetric algebra:
and its conjugate algebraΛ, isomorphic with Λ, which we distinguish by putting a bar on the generators and using dotted indices:
d) The j 2 -skew-symmetric algebra:
Both these algebras are finite dimensional. For j or j 2 -skew-symmetric algebras with N generators the dimensions of their subspaces of given polynomial order are given by the following generating function:
where we include pure numbers (dimension 1), the N generators θ A (orθḂ), the N 2 independent quadratic combinations θ A θ B and N (N − 1)(N + 1)/3 products of three generators θ A θ B θ C . The above four cubic generalization of Grassmann algebra are represented in the following diagram, in which all the arrows are surjective homomorphisms.
Examples of Z 3 -graded ternary algebras

The Z 3 -graded analogue of Grassman algebra
Let us introduce N generators spanning a linear space over complex numbers, satisfying the following cubic relations [19, 20] :
with j = e 2iπ/3 , the primitive root of 1. We have 1 + j + j 2 = 0 andj = j 2 . Let us denote the algebra spanned by the θ A generators by A [19, 20] . We shall also introduce a similar set of conjugate generators,θȦ,Ȧ,Ḃ, ... = 1, 2, ..., N , satisfying similar condition with j 2 replacing j:
Let us denote this algebra byĀ. We shall endow the algebra A⊕Ā it with a natural Z 3 grading, considering the generators θ A as grade 1 elements, their conjugatesθȦ being of grade 2.
The grades add up modulo 3, so that the products θ A θ B span a linear subspace of grade 2, and the cubic products θ A θ B θ C being of grade 0. Similarly, all quadratic expressions in conjugate generators,θȦθḂ are of grade 2 + 2 = 4 mod 3 = 1, whereas their cubic products are again of grade 0, like the cubic products od θ A 's. [23] Combined with the associativity, these cubic relations impose finite dimension on the algebra generated by the Z 3 graded generators. As a matter of fact, cubic expressions are the highest order that does not vanish identically. The proof is immediate:
and because j 4 = j = 1, the only solution is 
The Z 3 graded differential forms
Instead of the usual exterior differential operator satisfying d 2 = 0 , we can postulate its Z 3 -graded generalization satisfying
The first differential of a smooth function f (x i ) is as usual
whereas the second differential is formally
We shall attribute the grade 1 to the 1-forms dx i , (i, j, k = 1, 2, ...N ) , and grade 2 to the forms d 2 x i , (i, j, k = 1, 2, ...N ) ; under associative multiplication of these forms the grades add up modulo 3 grade(ω θ) = grade(ω) + grade(θ) (modulo 3).
The Z 3 -graded differential operator d has the following property, compatible with grading we have chosen:
equivalent with
Consequently, assuming that d 3 x k = 0 and d 3 f = 0, to make the remaining terms vanish we must impose the following commutation relations on the products of forms:
As in the case of the abstract Z 3 -graded Grassmann algebra, the fourth order expressions must vanish due to the associativity of the product:
Consequently, we shall assume that also
This completes the construction of algebra of Z 3 -graded exterior forms. 
Ternary Clifford algebra
Let us introduce the following three 3 × 3 matrices:
and their hermitian conjugates
These matrices can be allowed natural Z 3 grading,
The above matrices span a very interesting ternary algebra. Out of three independent Z 3 -graded ternary combinations, only one leads to a non-vanishing result. One can check without much effort that both j and j 2 skew ternary commutators do vanish:
and similarly for the odd permutation, Q 2 Q 1 Q 3 . On the contrary, the totally symmetric combination does not vanish; it is proportional to the 3 × 3 identity matrix 1:
with η abc given by the following non-zero components:
all other components vanishing. The relation (28) may serve as the definition of ternary Clifford algebra. Another set of three matrices is formed by the hermitian conjugates of Q a , which we shall endow with dotted indicesȧ,ḃ, ... = 1, 2, 3: Qȧ = Q † a satisfying conjugate identities
with ηȧ˙bċ =η abc . It is obvious that any similarity transformation of the generators Q a will keep the ternary anti-commutator (29) invariant. As a matter of fact, if we defineQ b = P −1 Q b P , with P a non-singular 3 × 3 matrix, the new set of generators will satisfy the same ternary relations, becauseQ
and on the right-hand side we have the unit matrix which commutes with all other matrices, so that P −1 1 P = 1. 
Ternary Z 3 -graded commutator
In any associative algebra A one can introduce a new binary operation, the commutator, using the generator of the Z 2 group in form of multiplication by −1 :
In the case of the Z 2 group the generator of its representation on complex numbers was equal to −1; note that −1 + (−1) 2 = 0 In the case of the Z 3 group, the generator of its complex representation can be chosen to be j = e In the case when A is a unital algebra, i.e. it contains a unit element 1 such that 1X = X1 = X for any X ∈ A, a unique Lie algebra is naturally generated by the cubic commutator:
The following simple example of a Z 3 cubic algebra can be constructed with 2 × 2 complex matrices. Consider the Lie algebra spanned by three Pauli's matrices: The enveloping algebra A σ contains the unit matrix 1:
Let us define the cubic j-commutator on the algebra A σ :
This cubic algebra contains three cubic subalgebras generated by two σ-matrices out of three: for example {σ 1 , σ 2 , σ 1 } = −2 σ 2 , {σ 2 , σ 1 σ 2 } = −2 σ 1 , and similarly for the couples σ 2 , σ 3 and σ 3 , σ 1 . We have also {σ 1 , σ 2 , σ 3 } = 0. 
